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32. Describe the set of points in the complex plane that satisfy the

34. (a) Verify that(1 b i>2 =1

following. N2
(@) |zl =4 (b) |z—i] =2 (b) Find the two square roots iof
© |lz+1=1 @) |2 >3 (c) Find all zeros of the polynomial* + 1.

33. (a) Evaluatg(1/i)" fon =1, 2, 3, 4, and 5.
(b) Calculate(1/i)%" and1/i)*°%.
(c) Find a general formula f@d/i)" for any positive integer

8.3 POLAR FORM AND DEMOIVRE’'S THEOREM

Figure 8.6 . At this point we can add, subtract, multiply, and divide complex numbers. However, ther
'm"’,‘dxg'igary is still one basic procedure that is missing from our algebra of complex numbers. To se
this, consider the problem of finding the square root of a complex number sSudhilasn
we use the four basic operations (addition, subtraction, multiplication, and division), ther
seems to be no reason to guess that

1+ 1+i0)\?
i =—~=. Thatis, [—= | =1.
“~_0
\ real 1O work effectively withpowersandroots of complex numbers, it is helpful to use a polar
a 0 axis  representation for complex numbers, as shown in Figure 8.6. Specifically, Bi is &
nonzero complex number, then we édbe the angle from the positiveaxis to the radial
line passing through the poird, (b and we ler be the modulus cd + bi. Thus,

a=rcosé, b=rsné, and r=\Va2z+ b?

Complex Numbera + bi
Rectangular Forma( b)
Polar Form: , 6)

and we havea + bi = (r cos6) + (r sinf)i from which we obtain the followipglar
form of a complex number.

Definition of Polar Form Thepolar form of the nonzero complex number= a + b is given by
of a Complex Number 2 = r(cosd + i siné)

wherea = r cosf, b = rsing,r = Va? + b?, and tah= b/a. The numbeis the
modulus of zand 6 is called theargument of z.
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REMARK: The polar form ofz= 0 is given by = 0(cos® + i sinf) wheris any
angle.

Because there are infinitely many choices for the argument, the polar form of a complex
number is not unique. Normally, we use value$ tifat lie between-7and = , though on
occasion it is convenient to use other values. The valddlt satisfies the inequality

—mT<6<Tw Principal argument

is called theprincipal argument and is denoted by Arg( Two nonzero complex numbers
in polar form are equal if and only if they have the same modulus and the same principal
argument.

EXAMPLE 1 Finding the Polar Form of a Complex Number
Find the polar form of the following complex numbers. (Use the principal argument.)
@ 1—i (b) 2 + 3i (©)i

Solution  (a) We havea =1 anth = —1,s0r? = 1% + (—1)2 =2, which implies that= \/2.
Froma = r cosfand b = r sinf, we have

1 V2 b 1 V2

a .
COSH_?_\/E_ > and sm()—r— N2 5 -

Thus, = —#/4 and

o 5]

(b) Sincea =2 and =3, we hawe = 22+ 32 =13, which implies that \/13.
Therefore,

2 b 3

a .
cos@—;—\/E and sm(ﬂ—r—\/E

and it follows that) = arctan (3/2). Therefore, the polar form is
3 . 3
z= \/E[cos<arctan2> +i sm(arctan 2)]
~\/13[cos (0.98) + i sin (0.989)].
(c) Sincea = 0andb = 1, it follows that = 1and § = 7/2, so we have
z=1cos” +isn—
2 2)

The polar forms derived in parts (a), (b), and (c) are depicted graphically in Figure 8.7.
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Figure 8.7
Imaginary Imaginary Imaginary
axis axis axis
44
z=2+3 z=i
34+ le
Real 24 3
] axis |
: 1+ 1
-1+ _ . ! 2]
z=1-1 o Real \ Real
27 T 5 axis axis
(@)z=+/2|co$-TY) +isif-T)|  (b)z=+/13[cos(0.98) (©)z= 1(0031[ + sin’—T)
4 4 S 2 2
+1i sin(0.98)]

EXAMPLE 2 Converting from Polar to Standard Form

Express the following complex number in standard form.

e 53

Solution  Sincecos(—/3) = 1/2 and sin (—m/3) = —\/3/2, we obtain the standard form

o G SR /R Py

1.V3

2 2
The polar form adapts nicely to multiplication and division of complex numbers.
Suppose we are given two complex numbers in polar form

=4 — 4\/3i.

z, = ry(cosh, + ising) and z, = r,(cosh, + i sing,).
Then the product of, and z, is given by

2,2, = I,r,(cosh; + isind,)(cosh, + i sinb,)

= r,r,[(cos 6, cosh, — sinf, sind,) + i(cos6, sinb, + sinh; cosh,)].

Using the trigonometric identities

cos(6, + 6,) = cosé, cosh, — sinh, sin b,
and

sin(f, + 6,) = sin#, cosé, + cosb, sinb,
we have

7,Z, = r,r,[cos(6; + 6,) +isin(6, + 6,)].

This establishes the first part of the following theorem. The proof of the second part is le
to you. (See Exercise 63.)
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Theorem 8.4

Product and Quotient of
Two Complex Numbers

COMPLEX VECTOR SPACES

Given two complex numbers in polar form
z, = ry(cosf, +isinh) and z, = ry(cosh, + ising,)

the product and quotient of the numbers are as follows.

2,2, = ryr,[cos(6; + 6,) + isn(6;, + 6,)] Product
z r .
Zi = ri[COS((’l —0,) +isn(6, - 6)], z+#0 Quotient

This theorem says that to multiply two complex numbers in polar form, we multiply
moduli and add arguments, and to divide two complex numbers, we divide moduli and sub-

tract arguments. (See Figure 8.8.)

Figure 8.8
Imaginary Imaginary
axis axis
L) 72 Z Z
61%62\r, r rn oA
7 = Z
6,.—-6
6. _rea el
axis axis

To multiply z; andz,:
Multiply moduli and add argument

To dividez; by z,:
Divide moduli and add argument

EXAMPLE 3  Multiplying and Dividing in Polar Form
Determinez,z, andz,/z, for the complex numbers
2, =5cos” +isn”| and Z_ECOSlT-i-iSian
o 4 4 2 376 6)
Solution ~ Since we are given the polar formszgfandz,, we can apply Theorem 8.4 as follows.

multiply

z —(5)1 cod T+ I} 4 ignZ+ T _ 3 cos5—7T+isin5—Tr

12 = ON3)| %4 T 6 4" 6)| 3" 12

add add

divide

z 5 T m\ . (T T T . T

2= = - -]+ ~— ]| =15cos_ +isn

2, 1/3 [C°S<4 6) ' S'”<4 6)] (COS 1270 12>

subtract subtract




Theorem 8.5
DeMoivre’s Theorem
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REMARK: Try performing the multiplication and division in Example 3 using the stan-
dard forms

, _5V2 sve. VB 1
! 2 2 2 6 6
DeMoivre’s Theorem

Our final topic in this section involves procedures for finding powers and roots of complex
numbers. Repeated use of multiplication in the polar form yields

Zz = r(cosf + i sinb)
z?> = r(cosf + i sind) r(cosh + i sin) = r?(cos26 + i sin 20)
22 =r(cosf + i sinh) r?(cos26 + i sin20) = r¥(cos 36 + i sin 36).

Similarly,

Z = r%cos40 + i sin 46)

z° = r>%(cos 50 + i sin 56).
This pattern leads to the following important theorem, named after the French mathemat
cian Abraham DeMoivre (1667-1754). You are asked to prove this theorem in Chapte
Review Exercise 71.

If z=r(cosf + i sin §) andn is any positive integer, then

Z" = r"(cosn@ + i sinnf).

EXAMPLE 4

Solution

Raising a Complex Number to an Integer Power

Find (—1 + V/3i)*? and write the result in standard form.

We first convert to polar form. Forl + \V/3i, we have

r=V1°+(V3)?=2 and tan():\/léz—\@

which implies tha®? = 27/3. Therefore,

-1+ V3i= 2(0052; +i sin2,;7>.

By DeMoivre’s Theorem, we have

(-1 +V3Ei)2= [2<c052; +i sinzgw)}12

= 212[00512(3277) ' 12(277)]

+isin
3



450 CHAPTER8  COMPLEX VECTOR SPACES

= 4096(cos 87 + i sin 87)
— 4096[1 + i (0)] = 4096.

Definition of nth Root of
a Complex Number

Recall that a consequence of the Fundamental Theorem of Algebra is that a polynomial
of degreen has n zeros in the complex number system. Hence, a polynomial like
p(x) = x® — 1 has six zeros, and in this case we can find the six zeros by factoring and
using the quadratic formula.

X¥—1=0C-Dx+1D=Kx-DX?>+x+DXx+1DX2—x+ 1)

Consequently, the zeros are

—1+\V3i 1+V3i
X=——_-—, and x= .
2 2
Each of these numbers is called a sixth root of 1. In general, we defingh treot of a

complex number as follows.

X = =1,

The complex numbewr = a + bi s arth root of the complex number if

z=wW"= (a+ bi)".

DeMoivre’s Theorem is useful in determining roots of complex numbers. To see how this
is done, letw be annth root ofz, where

w = s(cosB +isinB) and z=r(cosd + i coso).

Then, by DeMoivre’s Theorem we haw = s"(cosnB + isnnB) and swle= z it
follows that

s"(cosnB + i sinnp) = r(cosh + i sind).

Now, since the right and left sides of this equation represent equal complex numbers, we
can equate moduli to obtas! = r which implies thats = V/r and equate principal
arguments to conclude thétand ng must differ by a multiple of 2 Note thatr is a
positive real number and hense= V/r s also a positive real number. Consequently, for
some integek, nB = 6 + 27k, which implies that

0+ 27k
T

Finally, substituting this value fg8 into the polar form ofv, we obtain the result stated in
the following theorem.



Theorem 8.6

nth Roots of a Complex
Number

Figure 8.9
Imaginary
axis

nth Roots of a Complex Numbel
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For any positive integer, the complex number
Z=r(cosO + i sinb)

has exactlyn distinct roots. These roots are given by

Vr [cos<(HnZ7Tk> +i sin(“n%ﬂ()]

wherek =0,1,2,...,n— 1

REMARK: Note that wherk exceedsn — 1, the roots begin to repeat. For instance, if
k = n, the angle is
0+ 2mn 6
=+ 27
n n

which yields the same value for the sine and cosirte=a$.

The formula for thenth roots of a complex number has a nice geometric interpretation,
as shown in Figure 8.9. Note that becausetheoots all have the same modulus (length)
Vr, they will lie on a circle of radiu8/r  with center at the origin. Furthermorenthe
roots are equally spaced along the circle, since succeghiveots have arguments that
differ by 27r/n.

We have already found the sixth roots of 1 by factoring and the quadratic formula. Try
solving the same problem using Theorem 8.6 to see if you get the roots shown in Figu
8.10. When Theorem 8.6 is applied to the real number 1, we givehthieots a special
name—thenth roots of unity.

Figure 8.10
Imaginary
axis
1 + \ﬁi 1 + ﬁi
2 2 2 2

V3, 1_V3
2 2 2
6th Roots of Unity

w

EXAMPLE 5

Finding the nth Roots of a Complex Number

Determine the fourth roots af
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Solution  In polar form, we can writeas

i—1cos7—T+isin7—T
2 2

so thatr = 1, # = w/2. Then, by applying Theorem 8.6, we have
il/4 — 4 1 ﬂ + &T + i ﬂ + &T
i \F[cos( 2 4 sin| = 4
—cos7—7+k—77 +isn 7—T+k—7r
8 2 8 2/

Settingk = 0, 1, 2, and 3 we obtain the four roots

z —cosz+isin7l
! 8 8

z —coss—WJrisinl
2 8 8

97 . . 97

Z;=00S— +isn—-
8

z, = cos&-rjL [ sin@

* 8 8

as shown in Figure 8.11.

REMARK: In Figure 8.11 note that when each of the four angi8, 57/8, 97/8,
and 1377/8 is multiplied by 4, the result is of the fortw/2) + 2k

Figure 8.11
Imaginary
axis
5T , i «jn OTT
COS=- + -
3 I sin 8
COSg + =
g "'sng
Real
axis
O, : iy ITT
AL =it
cos 8 1SN 3
i «in 131
+ =
1 Sin 3
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SECTION 8.3 [ | EXERCISES

In Exercises 1-4, express the complex number in polar form. 25. 7(cos0 + i sin0) 26. 6(cosm + i sin )
1. Imaginary 2. Imaginary In Exercises 27-34, perform the indicated operation and leave the
axis axis result in polar form.
3i
} . Real 3¢ i T T T T
1 ,  aXis 27. 3<cosf + i sinf)] [4(005* + i sinf)]
1 2
21 L 3 3 6 6
T r 28 3 cosZ +isnz)||6{cosZ + isinz
. . Real 14 2 2 4 4
-2+ ) a1 1 axis
2-2 29. [0.5(cos7 + i sinm)][ 0.5(cod — 7] + i sin[—7])]
3 4 30 73<cos T sin 77)] [l (cos 2m +isn 277)]
. Imaginary . Imaginary . o allla a =y
axis axis L 3 3 3 3 3
3+ 3l or*d 5y 2A0os27/3) + i sin(2r/3)
21“ , " 4[cos(2m/9) + i sin(2m/9)]
_6 T T
®. L L L L L Re‘al f o
DA Sy R A 2. cos(57/3) + | gn(Sw/S)
cosw + | Sinmr
-2+ . | ., Real
-3+ 1 1 o axis 33 12[cos(7r/3) + i sin(w/3)]

i . " 3[cos(mw/6) + i sin(w/6)]
In Exercises 5-16, represent the complex number graphically, and

give the polar form of the number. 34 9[cos(37/4) + i sin(3w/4)]
5 -2 — i 6.V3 + i " 5[cos(—m/4) + isin(—m/4)]
7. —2(1 + V3i) 8.3(V3 —i) In Exercises 35-44, use DeMoivre’s Theorem to find the indicated
9. 6i 10. 4 powers of the given complex number. Express the result in standard
) form.
11. 7 12. —-2i
13.1 + 6i 14.2V2 — | 35. (L+0)* 36.(2 + 21)°
15. —3 — i 16. —4 + 2i 37. (-1 + i)lo 38. (\/§ + i)7
. T . . \|3
In Exercises 1726, represent the complex number graphically, and 39. (1 — V3i)? 40. [5<COS§ +i smg)]
give the standard form of the number.
57 5\ |4 S5 57r\10
. 3 . .3 T ign—/ T 4ign—/
17. 2<cosg +i sn%) 18. 5(003777 + i snf) 41. [3(‘:03 6 +isn 6 )] 42. (COS 4 +isin 4)
37 3w\ |4
3( .57 .. 57 3( dm . TIm 43 [2<cosﬂ+ [ sian)]S 44 [5<cos—+isin—)]

.= —+ — . —+ — . :

19 2(0033 |S|n3> 204(0034 IS|I’14) 2 2 2 2
- - . - In Exercises 45-56, (a) use DeMoivre’s Theorem to find the indi-
21. 3_75((:032 +i S‘”Z) 22. 8<cosg +i sing> cated roots, (b) represent each of the roots graphically, and (c) ex-
press each of the roots in standard form.
37 . . 3w 57 . . 57 T . . T

. — — . — — . -+ -

23 4<cos 2 +isn 2) 24 6<cos 6 +isn 6) 45. Square rootslG(cos3 isin 3>



454

46.

47.

48.

49.

51.

52.

53.
55.

CHAPTER 8

2 .2
Square roots@(cos—w +i sm—w>

3

4 . 4
Fourth roots:LG(cos—W +i sm—ﬂ)

3
. 57 . .
Fifth roots:32 cosz +isn
Square roots:25i

12!
Cube roots:—T5 (1+ V30

Cube roots—4\V/2 (1 — i)
Cube roots: 8
Fourth roots: 1

COMPLEX VECTOR SPACES

3
3
5m
6

50. Fourth roots625i

54. Fourth rootsi
56. Cube roots: 1000

66. Show that the negative af= r(cosf + i sinf) is
—z=r[cos(6 + m) + isin(6 + m].

E>67. (a) Letz = r(cosf + i sinf) = 2(0037—67 + i sing). Sketcly,

iz, andz/i in the complex plane.

(b) What is the geometric effect of multiplying a complex
numberz by i ? What is the geometric effect of dividiag

In Exercises 57-62, find all the solutions to the given equation and
represent your solutions graphically.

57.
59.
61.
63.

64.

65.

x*—i=0 58.x°+1=0
x5+243=10 60.x* — 81 =10
x3+64i=0 62.x*+i=0
Given two complex numbers, = r,(cosf, + i sin 6,)

z, = r,(cosh, + i sinf,) with

z, # 0 prove that

z, .
Zi = ri[cos(@1 - 6,) +isin(6, — 6,)].

Show that the complex conjugatezof r(cosf + i sinb)

z=r[cos(—60) + isin(—0)].

Use the polar form of andz in Exercise 64 to find the fol-

lowing.
(@ z

0) 2z 2#0

byi?
68. (Calculus) Recall that the Maclaurin series &y sirand
cosx are
2 3 X4
X . . -
e —1+x+2! +3!+4!+
x3 x® X’
SnX:X—g'i‘g—?! +
x? x* x®
cosx:l—E+E—6! +

(a) Substitutex = i into the series fef and show that
€’ = cos 6 + i siné.

(b) Show that any complex number= a + bi
expressed in polar form as= rée?.

(c) Prove that iz = re?, them = re "’

(d) Prove the amazing formug = —1.

can be



